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Overview

« We discussed how to determine the slope of a curve at a point and how
to measure the rate at which a function changes.

* We have studied limits, we can define these ideas precisely and see
that both are interpretations of the derivative of a function at a point.

» We then extend this concept from a single point to the derivative
function, and we develop rules for finding this derivative function easily,
without having to calculate any limits directly.

* The derivative is one of the key ideas in calculus, and is used to study a
wide range of problems in mathematics, science, economics, and
medicine.
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Tangents and the Derivative at a Point

DEFINITIONS The slope of the curve vy = f(x) at the point P(x,, f(Xg)) is the
number
fxo + ) — f(xp)

m = lim i (provided the limit exists).
h—0

The tangent line to the curve at P is the line through P with this slope.

-\!
A

y = f(x)
Q(xg + h, flxg + h))

P(xq, flxg))
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Example 1

(a) Find the slope of the curve vy = 1 /x at any point x = a # 0. What is the slope at the
point x = —17?

(b) Where does the slope equal —1/4?

Solution
(a) Here f(x) = 1/x. The slope at (a, 1/a) is

] 1
’ fla +h)y — fla) ’ ath @ . 1a—(a+h
ey h iy h 0 h ala + h)
i — = 1
a0 ha(a + h) wd ala + hy %

(b) The slope of y = 1/x at the point where x = a is —1/a* It will be —1/4 provided
that

This equation is equivalent to a*> = 4, so a = 2 or a = —2. The curve has slope
—1/4 at the two points (2, 1/2) and (=2, —1/2) (Figure 3.3).
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Rate of change: derivative at a point

The expression

fxg + h) — f(xp)

7 h # 0

is called the difference quotient of f at x, with increment A. If the difference quotient
has a limit as i approaches zero, that limit 1s given a special name and notation.

DEFINITION The derivative of a function f at a point x,,, denoted f’(x). is
fxXo + h) — f(xo)

Fo0 = fim S

provided this limit exists.

The notation f'(xy) is read “f prime of x,.”
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Interpretations for the limit of the
difference quotient

The following are all interpretations for the limit of the difference quotient,

fxo + h) — f(xp)

[im
h—0 h
1. The slope of the graph of v = f(x) at x = X,
2. The slope of the tangent to the curve y = f(x) at x = X,
3. The rate of change of f(x) with respect to x at x = Xx
4. The derivative f'(xy) at a point
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The derivative of a function

DEFINITION The derivative of the function f(x) with respect to the variable x is
the function f’ whose value at x is

x + h) — f(x
£ = limf(r + h) f(l)!

h—0 h

provided the limit exists.

Remember the different to:

DEFINITION The derivative of a function f at a point x,,, denoted f’(x). is

o flxg + 1) — f(xp)
lim
h—0 h

f'(xp) =

provided this limit exists.
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Example

Difterentiate f(x) = xi—l

Solution We use the definition of derivative, which requires us to calculate f(x + h)
and then subtract f(x) to obtain the numerator in the difference quotient. We have

R d Ly = (x + h)

F) = x—1 fe+h) = (x + h) — %0
s fe+h) = f(x)
f (1) — }ljl_l}}) h Definition
xX+h X
x+h—1 x — 1

= lim

h—0 h
_ 1 6+ -1 —xx+h—1) a ¢ _ad~— cb
Ry x+h—- D=1 b d_ b
— lim1- il Simplify

p—oh (x+h— Dx—1) P

—1 —1

= lim Cancel h # 0. H

—o(x +h—1Dx—1) - (x — 1)2'
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Alternative formula for the derivative

£1(x) = limf{:) — J(x)
T 7—x <X Derivative of fat x is
v flx+h) = f(x)
_—_ roo =tim 220

Secant slope is

F@) — f(x) — lim (33 :{; (x)
Q(z f(2) . IT—X el
P(x, f(x)) f(@) — f(x)
|
l—h=7—x—!
| I
T

Calculus 1 - INF101 - UPJ/INF/UDN ’




Example

Find the derivative of f(x) =

f'(x)

[im ———

I—*X = |
. Vz — Vx
lim—— T
I—x = )

V7 —

\/x for x > 0.

lim

lim | =

,\/’_
(Ve - Va)(Ve + Va)

L

v_

—xVZ + Vx
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When does a function not have a
derivative at a point?

2. a cusp, where the slope of PQ approaches
00 from one side and —00 from the other.

1. a corner, where the one-sided

derivatives differ.

Calculus 1 - INF101 - UPJ/INF/UDN H




When does a function not have a
derivative at a point? (cont'd)

3. avertical tangent,
where the slope of PQ
approaches 00 from both
sides or approaches —00
from both sides (here, —00).

4. a discontinuity (two examples shown).
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Differentiable functions are continuous

THEOREM 1—Differentiability Implies Continuity

X = ¢, then f is continuous at x = c.

If f has a derivative at
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Differentiation Rules (1)

Derivative of a Constant Function

If f has the constant value f(x) = ¢, then

fff_ d =
E_d.r((}_ﬂ'

Proof We apply the definition of the derivative to f(x) = ¢, the function whose outputs
have the constant value ¢ (Figure 3.9). At every value of x, we find that
fx +h) — fx) c — ¢

o= Tl Y "
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Differentiation Rules (2)

Derivative of a Positive Integer Power

If n 1s a positive integer, then

d _
—x" = px" 1,

dx’

Proof of the Positive Integer Power Rule The formula

P L (Z _ )C) Z”_] + ZJ‘I—Z X+ -+ + 31‘”_2 + -rn—l)

e

can be verified by multiplying out the right-hand side. Then from the alternative formula
for the definition of the derivative,

' . f(:) o f('l) . :” — x"
f'(x) = lim———— = lim—5—
I—Xx B : I—x A
= lim(z" '+ 7" 2+ - + 2+ n terms
I—*X
— H.l”_l. .

15
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Differentiation Rules (2a)

Power Rule (General Version)
If n 1s any real number, then

d B
—x" = px" 1,

dx’

for all x where the powers x" and x"~! are defined.

EXAMPLE 1 Differentiate the following powers of x.

(a) x° (b) x*° (¢) xV2 (d) % (e) x4/
X
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Differentiation Rules (3)

Derivative Constant Multiple Rule

If u 1s a differentiable function of x. and ¢ 1s a constant. then

dx dx’
Proof
T cu(x + h) — cu(x) Derivative definition
—cu = lim o .
dx h—0 h with f(x) = cu(x)
ou(x + h) — u(x)
= clim Constant Multiple Limit Property
h—0 h
du
= c— u is differentiable. N
dx
EXAMPLE 2

(a) The derivative formula

iﬂ(?}xz) = 3.2y = bx
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Differentiation Rules (4)

Derivative Sum Rule

If # and v are differentiable functions of x, then their sum # + v 1s differentiable
at every point where # and v are both differentiable. At such points,

! _du, dv
E(H-I—U)—dr-Fdx.

Proof We apply the definition of the derivative to f(x) = u(x) + v(x):

d o fuee )y A+ v + )] = fu(x) + v ]
T [u(x) + v(x)] = ;],l—];% i

o fux + h)y —ux)y  vix + h) — vx)
= lim +

h—0 h h
-+ h) — ux x+ h) — v -
= lim s i) + lim v Y ~ v) = d—” d—u |
h—0 h h—0 h dx  dx
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Example

EXAMPLE 3 Find the derivative of the polynomial y = x> + %.rz — 5x + 1.
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Differentiation Rules (5)

Derivative of the Natural Exponential Function
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Differentiation Rules (6)

Derivative Product Rule

[t # and v are differentiable at x, then so 1s their product uv, and

A dv . du
E{HU] = de + de.

(uv) = uv' + vu'
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Example

Find the derivative of y = (x> + 1)(x° + 3).
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Example

Find the derivative of y = (x* + 1)(x° + 3).

Solution
(a) From the Product Rule with u = x> + 1 and v = x> + 3, we find

= 3x* + 3x2 + 2x* + 6

= 5x* + 3x% + 6x.

(b) This particular product can be differentiated as well (perhaps better) by multiplying
out the original expression for y and differentiating the resulting polynomial:

yv=(2+ 1) +3)=x"+x° + 3+ 3

dy 4 2
— = 5x% + 3x° + 6x.
dx
This is in agreement with our first calculation. |
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Differentiation Rules (7)

Derivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u /v is dif-
ferentiable at x, and

du dv

] y _va—f.fdx
dc\V) v? '

y

EXAMPLE 8  Find the derivative of (a) y = ;3 Py (b) v =1¢"
Solution
(a) We apply the Quotient Rule with u = > — 1 and v = 2 + 1I:
ﬂ _ {T3 + 1)+ 2t — (fz — 1) 32 d -"{_{\) B v(du /dt) — u(dv/dr)
dt (? + 1)? -ff-’(.“,- - v?
_ 2t 4 2t — 3t + 32
(£ + 1)
_ 43+ 2
*+ 1)
d _._ df1)y_ée-0—-1-¢ _ —-1_ _,
b wE€ = &% (6") ()2 = ¢
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Second- and higher- order derivatives

o Y d Ay _dy
f(’l)_(irz_dx dx]  dx -

I

= D*(f)(x) = D2 f(x).

v
f;’” y
,‘,(u] — i (n—1) — ) = D'y
~ dx- dx" '
y' “y prime”’ vy super n”
v"  *“ydouble prime” ary .
- dtothe n of y by dx to the n
. dx ‘
d-y
2 d squared v dx squared D" “Dto the n”
y" o “ytriple prime”
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Symbols for derivatives

v’ “yprime”
yv"  *“ydouble prime”
dy .
> “d squared y dx squared
dx-
e T - - »
y y triple prime

y oy super n”
{Ifi‘}-.
dx”

D" “Dtothen”

“d to the n of y by dx to the n”
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Derivatives of Trigonometric Function
and the Chain Rule



Derivative of the sine function

d , .
—(sIn x) = cos x
dx
EXAMPLE 1 We find derivatives of the sine function involving differences., products,
and quotients.

(a) vy =x"— sinx: I 2x — I (sin x) Difference Rule
= 2X — COS X
(b) y = e'sinx: ﬁ — exﬂ—f(sil1 X) + d (e') sin x Product Rule
. dx dx dx
= ¢é*cosx + e'sinx
= ¢ (cos x + sin.x)
d . .
. ., X*—(sinx) — sinx- |
( ~_ sinx, dy 7 dx ) otient Bule
c) y =" dr 2 Quotient Rule
XCOS X — sinx
— 2 .
X
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Derivative of the cos function

d (cos x) = —sIn x

dx
EXAMPLE 2 We find derivatives of the cosine function in combinations w
functions.

(a) v = 5¢" + cosux:

% — %(5&"‘") + (%(COS X) Sum Rule
= S¢' — sinx
(b) y = sinxcos x:
dy . d d | . | |
gy SImxo (cos x) + cos X (sin x) Product Rule
= sinx(—sin x) + cos x(cos x)

= cos?x — sin?x
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Derivatives of the other basic trigonometric
functions (Prove them!)

SIn X COS X

|
tan x = ———, cotx = ——, SeC X = ———, and CSC X = —
COS X~ SIN X COS X SIN X
’J d
{tdn X) = sec” x —(cot x) = —csc? x

d dx

d _ d

i{%et X) = sec xtan x h(L‘SL X) = —c¢sc x cot x

d.
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The chain rule X

Derivative of composite function ;L: (g o j{) X

THEOREM 2—The Chain Rule If f(u) is differentiable at the point u = g(x)
and g(x) 1s differentiable at x, then the composite function (f ° g) (x) = f(g(x)) is
ditfferentiable at x, and

(fog)@) = fg-g'm.  dy

~D

In Leibniz’s notation, if y = f(u#) and u = g(x), then p{ X 6
d.‘r’ d}' du
dx — du dx’
where dy/du is evaluated at u = g(x). B—%@’—%D—_ﬁ
M
ﬁoi

Calculus 1 - INF101 - UPJ/INF/UDN 32




Examples

EXAMPLE 1 The function
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Examples (cont'd)

EXAMPLE 6  The Power Chain Rule simplifies computing the derivative of a power
of an expression.

& d Power Chain Rule with

(a) %(5,\‘3 — )7 = 7(5x3 — )62 (53 — x%) e

dx
= 7(5x% — x*)8(5-3x% — 4x%)
7(5x% — x*)°(15x% — 4x°)

df 1 \N_dp oo
(b) d.x‘(&\‘ - 2) =2

5 d Power Chain Rule with
:_1(3\_2)_I(3‘_2) u=3x—2,n=-—1
= —13x — 2)%3)

R
(3x — 2)?
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